The purpose of this study was to develop a theoretical model to analyze the vibration of finite railways forced by distributed moving loads. The vibration characteristics of compliantly supported beam utilizing compressional damping model were investigated through the Rayleigh-Ritz method. The distributed moving load was analyzed as the cross correlation function on railways. This allowed the use of statistical characteristics for simulation of the moving train wheels on the rail. The results showed there is a critical velocity inducing resonant vibration of the rail. The mass spring resonance from the rail fastening systems exhibited significant influence on the resulting vibration response. In particular, the effect of the viscoelastic core damping was investigated as an efficient method for minimizing rail vibration. The decrease of the averaged vibration and rolling noise generation by the damping core was maximized at the mass-stiffness-mass resonance frequency.
Introduction
A complex structures composed of multi-layer panels is used to dissipate vibration energy in many engineering applications. Damping material inserted as core in complex structures reduces resonant responses and noise radiation. Damping treatments have advantages on costs and maintenance compared to other vibration reduction methodologies. The modal characteristics of entire systems are determined from interaction between each layer for the complex structures. Moving load caused by train induces track vibration and is an important source of environmental noise on the nearby residential areas. Theoretical model for vibration of the complex structure with core damping material is required for optimal design for decreased structural vibration in the frequency range of noise pollution.
Sandwich models to analyze vibration of complex structures have been studied for decades. Rao and Nakra [1] proposed the governing equation required for analyzing vibration of sandwich panel with viscoelastic layer between two rigid panels. Douglas and Yang [2] analyzed frequency which influences translational deformation of viscoelastic layer in sandwich beam and compared different vibration models. The translational vibration was dominant as the thickness of the upper stiff panels increases. [3] Although the multi-layer construction is common in railway tracks, the numerical method for investigation the random vibration in audio frequency ranges has not been proposed, especially on analysis of the effects of the core dynamic properties.
In this paper, rail-slab complex structure is analyzed by the compressional damping model. The influence of the core damping material on the vibration characteristics of the rail structures was analyzed through the Rayleigh-Ritz method. The distributed moving force using statistical characteristics was utilized for simulation of loads from operating trains to the rail structures. The influence of the core damping layer on resulting vibration was investigated. [155] [156] [157] [158] [159] 2013 understanding the railway track vibration ware performed. The moving loads from the operating train are applied to the each beam. The Rayleigh-Ritz method was applied for the vibration analysis of the track model. Shear deformation of the core damping materials between beam and plate was ignored. This assumption is typically applied when the bending stiffnesses of the beam and the plate are large and the modulus of damping material is small. In addition, changes in the dynamic properties of the damping material which typically shows variation of 5-10% with frequency was ignored. Displacements of each structural element were assumed as follows using the N trial functions for the beam and 2N trial functions for the plate. Lagrangian equations were applied to these equations as
where L=T-V p V K is the system Lagrangian. The displacements of the plates (w 1 ,w 4 ) and the beams (w 2 ,w 3 ) represented as the product of trial function and normal coordinate ( ,
.
The kinetic and potential energies of the system were calculated for the application of Rayleigh-Ritz method. The kinetic energy was calculated as .
The potential energy by the bending stiffness of the beam and plate were given as follows:
. (4) The potential energy by the supporting stiffness between the slab and rail, k s , and stiffness between the plate and floor, k f , were calculated as follow:
( 5 a )
Selection and application of trial function for analysis
Selection of the appropriate trial functions is important for minimizing numerical errors and computation times. In this study, beam functions are applied for trial functions after assuming that the structures are fixed at edges in y directions and free in x directions. When the beam length is large, the simulation result is similar to infinite beam, and is preferred to represent the actual railway structures. The length and width of the model were assumed as 2.5 m and 30m, respectively.
Response of Railway Track Model Forced by Distributed Moving Load

Transfer function
Transfer function to harmonic excitation was used to calculate the vibration response of railway track model. The transfer function is determined by the modal shape functions and natural frequencies obtained from free vibration analysis of the Rayleigh-Ritz method. The displacements of the railway track using modal shape functions are given as:
Cross correlation density function is defined as the Fourier transform of the product of the force and time (spacedelayed force) as follows: .
The equations of motion in the modal coordinates are given as follows Fig. 1 The schematic of the rail-slab complex structures used for analyzing the vibration of railway tracks
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Calculation of average vibration response from distributed moving loads
The vibration response by the distributed moving load was analyzed through the cross correlation function. The cross correlation function for the translational vibration responses of the railway track was defined as follows using the transfer response function of forces, S pp , acting to each plates as , (9) where and . Similarly, the variables and are positions of force acting on the rail. Spatial average vibration is represented as follows .
( 1 0 ) The wavenumber components of the force is represented as .
( 1 1 ) From equation (10), the vibration response from arbitrary moving loads is obtained by superposing responses of impulse forces, which has wavenumber k. As a result, when the load moving with velocity V is applied to the railway, loads applied to each plate and beam are analyzed.
Response of rail-slob model by moving load
When the load moves on the railway, the responses of the rail and the slab were calculated. With the rail excited by the wheel of the train, it was assumed that the external excitation was induced by the pressing force at the contacting area. The mechanical properties of the rails assuming 41GPU rail and concrete slabs applied for the numerical analysis is summarized in Table 1 . Analysis was conducted with N = 30 to warrant the convergence up to 2000 Hz. The speed of the load was increased from 2 m/s by 0.5 m/s to investigate the effects of moving velocity.
The averaged vibration response increases significantly with the increasing velocity of the load as shown in Fig. 2 . The frequency of maximum vibration response also increased with a constant slope depending on the velocity. When the velocity of the maximum vibration response and the natural frequency of the railways are identical, it resulted in very resonant response. For the rail, the resonances at 800 Hz and 1200 Hz were observed. The vibration magnitude of the rail was much larger than those of the slab, as expected from direct application of the force on the rail. 
Change of structural vibration characteristics by core damping materials
The rail pads in railway tracks are used to reduce vibration and noise by moving train wheels on the rail and to prevent rails from excessive corrugations. The system dynamic characteristics are influenced by inserted rail pads. The effect of the core damping material on the complex structure is required to be understood. Fig. 3 shows the velocity response of the rail and slab with the change in the stiffness of the rail pads. Two harmonic forces of 5 kN were assumed to move with the velocity of 10 m/s and 0.03 m apart. When the stiffness increased from 80 MPa to 140 MPa, the natural frequency changed, and consequently, the frequency range of maximum vibration response showed cyclic variation. The slab response showed a different trend compared to that of the rail with the increasing frequency. Whereas the rail vibration magnitudes were reduced with increasing frequency from 200 to 300 Hz, the slab vibration responses increased in the same frequency range. The resonant frequency increased for both the rail and slab with the increasing stiffness. This suggested that their interaction should be incorporated to study the rolling noise generation.
The effects of the core damping material on the vibration response from the moving loads were analyzed as shown in Fig. 4 . With the increasing damping ratio, the vibration magnitude was reduced especially at resonant frequencies. This frequency range corresponds to the mass-stiffness resonance region assuming the rail as the mass and the rail pad as the spring. In design process, the mass-stiffness resonant frequency is an important factor on estimating the effect of the rail pad damping. This damping is also influenced by the fastening system as well as the viscoelastic properties of the pads. 
Conclusions
This study investigated the vibration of the sandwich structures excited by distributed moving loads. The effects of the core dynamic properties of the sandwich complex structure representing the railway tracks on the forced response were analyzed using the Rayleigh-Ritz method. Cross correlation functions for the displacement responses from the moving dynamic loads were applied to calculate response from the distributed loads. Through parametric studies of the moving velocity and the core damping properties, the important parameters having influence on the rolling noise generation were identified. The natural frequency increased and vibration of rail decreased with the increasing stiffness of the core damping material, but those of the slab increased. With the increasing damping in the core, the vibration responses of the rail and slab were reduced in the range near the mass-spring resonance frequency. The proposed analysis procedures are required when studying the vibration and noise reduction systems on complex railway structures equipped with various fastening and floating systems or functional concrete slabs.
